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G Cross-correlation between pairs of stock

i returns are well-known
W r(t)=InP(z)-In P(z-1)
= | | p, = <r,-rj>:<n><rj> :
4 -t Yo=Y
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Overview

ocs How to quantify and model information
present 1n a correlation matrix?

- Describe the structure of empirical correlation matrices;

- Validate the statistical robustness of the detected correlation matrices with
methods from Random Matrix Theory;

- Model hierarchies of a complex system in terms of hierarchical
trees and correlation based networks;

-Validate the statistical robustness of correlation based networks with
bootstrap procedures;

- Provide a factor model which is able to describe a system with a
nested hierarchy;

- Provide a quantitative tool to compare different filtering methods.
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A basic approach:

e Principal Component Analysis

A first objective of principal component analysis 1s
to determine the standardized linear combination of the
original variables which has maximal variance.

Principal component analysis looks for a few linear
combinations which can be used to summarize data,
losing in the process as little information as possible.
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° C = correlation matrix

OCS D =diagonal matrix of

eigenvalues of C:

diag[ A, Ay Ay ]

V = orthogonal matrix of

eigenvectors of C

Given a set of points in Euclidean space, the first principal
component corresponds to a line that passes through the
multidimensional mean and minimizes the sum of squares of
the distances of the points from the line.

The second principal component corresponds to the same

concept after all correlation with the first principal component
has been subtracted out from the points.
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OCS

Each eigenvalue of the correlation matrix is
proportional to the portion of the "variance" (more
correctly of the sum of the squared distances of the
points from their multidimensional mean) that is
correlated with each eigenvector. The sum of all the
eigenvalues is equal to the sum of the squared
distances of the points from their multidimensional

mean.
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AIG | IBM | BAC | AXP | MER | TXN | SLB | MOT | RD oxy
AIG 1 0413 | 0518 | 0.543 | 0.529 | 0.341 | 0.271 | 0.231 | 0412 | 0.294
OCS IBM 1 0471 | 0537 | 0.617 | 0.552 | 0.298 | 0.475 | 0.373 | 0.270
BAC 1 0.547 | 0591 | 0.400 | 0.258 | 0.349 | 0.370 | 0.276
AXP 1 0.664 | 0422 | 0347 | 0351 | 0414 | 0.269
MER 1 0.533 | 0344 | 0462 | 0440 | 0.318
TXN 1 0.305 | 0582 | 0.355 | 0.245
SLB 1 0.193 | 0.533 | 0.592
MOT 1 0.258 | 0.166
RD 1 0.590
0):44 1

The eingevalue spectrum of this correlation matrix 1s

L S S R B PR A PR P,
472 140 096 052 048 045 042 039 035 030
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/PR VAR VAR VAR VAR VR VR VO %

OCS

472 140 096 052 048 045 042 039 0.35
Percent of variance 472 140 96 52 48 45 42 39 35
Total variance explained 472 612 70.8 760 80.8 853 895 934 969

The most important principal components are
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OCS

Selection of the most relevant principal components:

(1) variance threshold (ex: 90%);

(11) “scree graph” (percentage of variance explained by
each eigenvalue (due to Cattel,1966);

(111) exclude those principal components whose eigenvalues
are less than average, 1.e. less than one if a correlation
matrix 1s used (Kaiser).
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05 How can we estimate and filter the

information present in a correlation matrix
estimated from a finite number of records?

Example: what is the empirical structure of
the return correlation matrix of a large
portfolio of stocks?
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OCS

N data series of length T

r(t), j=l..T; i=1..N

Cross Correlation

Example:
Log-return of stock price

(1) = In P(t) - In P(1 - )

Pearson’s correlation coefficient:

p; = <’”z‘rj>_<f”j><rj>
-0 -7

C=(py)

Lecture 1 - 4 November 2011

Other correlation estimators:

-Fourier estimator

-Maximum Likelihood
correlation estimator

-Hayashi-Yoshida estimator

Scuola Normale Superiore - Pisa

13



Grayscale representation of the return
ocs correlation matrix of a portfolio of stocks
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OCS

Inventory variation
correlation matrix
obtained by sorting
the MMs 1n the rows
and columns
according to their
correlation of
inventory variation
with price return
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Statistical reliability
of cross correlation coefficients

OCS

N T data ~ N 2 correlation coefficients:

Statistical uncertainty 1s unavoidably associated with the
estimation of the correlation coefficient obtained from a
finite number of records.

It is therefore important to device methods to
- Filter statistically reliable information;

- Quantitatively assess the stability of the filtered
information;

- Model the filtered information.

Lecture 1 - 4 November Scuola Normale Superiore - Pisa 16
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How to analyze the complexity of a
OCS correlation matrix?

Random Matrix Theory

Clustering e.g. Hierarchical Clustering
Super Paramagnetic Clustering
Maximum Likelihood Clustering
Sorting Point Into Neighbors

Correlation Based e¢.g. Minimum Spanning Tree (MST)
Networks Planar Maximally Filtered Graph (PMFQG)
Average Linkage Minimum Spanning Tree

M. Tumminello, F. Lillo, R.N. Mantegna, Correlation, hierarchies, and networks in
financial markets, Journal of Economic Behavior & Organization (2010).
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Random Matrix Theory
OCS

Random Matrix Theory allows to quantity

the degree of statistical uncertainty observed
in the determination of a correlation coefficient
matrix done with a finite number of records
(under some simplifying assumptions).

Madan Lal Mehta, Random matrix theory, Academic press 1990
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Q RMT for Gaussian variables

Suppose that N elements are described by N time
series of length T. They are independent Gaussian random
variables with zero mean and variance 02.

The correlation matrix of this set of variables
in the limit T -> <0 is the identity matrix, which
has associated a spectrum of eigenvalues which
is composed of N delta functions at A=1
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The limits of validity

OCS

However, due to statistical uncertainty for finite values

of T what it is really observed for the eigenvalue

spectrum of the correlation coefficient matrix is a spectrum
characterized by eigenvalues with values located

between A_. and A

In the Iimit T, N -> oo with a fixed ratio Q=T/N =1
random matrix theory provides the probability density
of the eigenvalues.
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PDF of eigenvalues
OCS

The probability density 1s

0(2) = = = 2= P

where
=0’ (1+1/Q = 24/1/0)

with Q=T/N

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa
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Random Matrix Theory of financial correlation

6 0.5
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4r § Market
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L. Laloux, P. Cizeau, J.-P. Bouchaud & M. Potters, Phys. Rev. Lett. 83, 1468 (1999).

V. Plerou, P. Gopikrishnan, B. Rosenow, L. A. N. Amaral, and H. E. Stanley, Phys. Rev. Lett. 83,
1471 (1999).
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Characteristics of the eigenvalue spectrum

OCS

The spectrum of a typical portfolio can be divided
in three classes of eigenvalues:

1) The largest eigenvalue describes the common
behavior of stocks (what is called “the market”).

It 1s incompatible with the random matrix theory of
random variables.

2) A fraction of 5% of the eigenvalues is also
incompatible with the random matrix theory because

eigenvalues fall outside | A_. , A

min? max[

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa 23



OCS

Lecture 1 - 4 November 2011

3) The remaining
eigenvalues assume
values between A_. , A
and therefore one

cannot say whether the
eigenspace, which is
corresponding

to these eigenvalues,

contains information or not.

The low part of the spectrum

6

FIG. 1. Smoothed density of the eigenvalues of C, where the
correlation matrix C is extracted from N = 406 assets of the
S&P 500 during the years 1991-1996. For comparison we
have plotted the density Eq. (3) for Q = 3.22 and o2 = 0.85:
this is the theoretical value obtained assuming that the matrix
is purely random except for its highest eigenvalue (dotted line).
A better fit can be obtained with a smaller value of o2 = 0.74
(solid line), corresponding to 74% of the total variance. Inset:
Same plot, but including the highest eigenvalue corresponding
to the market, which is found to be 25 times greater than Apay.
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Which 1s the meaning of largest eigenvalues?

GOPIKRISHNAN, ROSENOW, PLEROU, AND STANLEY

O C S large market capitalization Electronic's and Computer
VASILIKI PLEROU et al. u999 ! u998
Transportation
t P Banking Gold mining
0.4 | 4 aper . 996 997 996 _ 997
§ \ | | Drug Manufacturing uﬁ—"'u u_-u
] |1 . 2 ]
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2 HE ;
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°§ 0.2 |!1 | /Latin American firms i § 995 u®®
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FIG. 13. Schematic illustration of the interpretation of the eigen- 991 990
vectors corresponding to the eigenvalues that deviate from the RMT N .
upper bound. The dashed curve shows the RMT result of Eq. (6).
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Industry code

Stanley and COllaboratorS relate Some Of FIG. 1. Contribution Xf to industry sector / of eigenvector u* for

the deviating eigenvectors shows marked peaks at distinct values of

them tO Some economic SeCtOrS SIC code, for all but u””’ which contains stocks with large capitali-

zations as significant contributors.

‘ H

V- Plerou et al, Phys. Rev. E65, 066126 (2002)

Xk =§P.[uk]2 Py, =1 ng
P. Gopikrishnan et al, Phys. Rev. E64, 035106 (2001) P& ’

0
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In a different market we! were not able to reach the
same conclusion. Only in a few cases components
detected with PCA had a direct interpretation in terms
of clear economic sectors.

OCS

T T T [T T T T rrr 17 ™
4+ a- r b+ C
e~ d 0 I W , ( ] SECTOR NUMBER
— 0 I [I‘A llAI N r LI e AINAninin ﬂ [\ 1 Technology 4
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T T T 1 | 1
E 4+ dn1 €1 r f 3 | Energy 3
® I 1 F 1 T 1 f Hea]thcare 4 | Consumer non-Cyeclical 12
N~ ‘ . 3 X 1| » | 5 | Consumer Cyclical 10
- ~ 0 =N l] ‘- |]"| ‘ s [ l— mry ] \l' 3 T -‘]T’T l ‘. mi 6 H("(llth("(ll"(‘ 6
pLe R ‘ . . — . 7 | Basic Materials 5
4 b o ‘ F h‘ o il 8 | Services 19
= L 1t 9 | Utilities 6
2 - - 4+ B 10 | Capital Goods 5
" r M . - R i ansT ta 3 2
0 m. [l lrﬂ [, m'ﬂ [ m L Wﬂ Mnm AR ’ { A 1, | Transparkation
246 810 246 810 246 810
S
Fig. 1. Contribution X7 of Eq. (3) for the first (a), second (b), third (c¢), sixth Linear combination
(f), seventh (g), eighth (h) and ninth (i) eigenvectors of the correlation matrix of
daily returns of 92 LSE stocks. Panel (d) shows X% for the linear combination .
AN ‘ . I 4 .5\, /3 d. Capital goods
(u* + u”)/v/2 and panel (e) for the linear combination (u* —u”)/v/2. The order Technol
of sectors is the same as in Table 1. ¢. lechnology

TC. Coronnello et al, Acta Phys. Pol. B36, 2653 (2005)
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° Random matrix theory as a filtering procedure

OCS

Filtered correlation matrix with RMT (1)

C = correlation matrix Select A

max ?

D = diagonal matrix of { A ifA > A ]

eigenvaluesof C:  __, D" = diag

diag[)H,)Lz,...,)»N]

V = orthogonal matrix of

eigenvectorV

CL=(c*)=V'D'V . |Cs=

A, otherwise

where A, is the average of

eigenvalues smaller than A__

B
B B
Vi€

M. Potters, J.-P. Bouchaud & L. Laloux, Acta Phys. Pol. B 36 (9), pp. 2767-2784 (2005).
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OCS Filtered correlation matrix with RMT (2)

C = correlation matrix Select A_,.;
D = diagonal matrix of > A ifA > A
. D* — diag l l . max
eigenvalues of C: 0 otherwise
diag[ 2.2, ... 2] o | .
V = orthogonal matrix of Cs=(c;))=V DV
eigenvectors of C l

“cs - (0, +¢[1-9,])

B. Rosenow, V. Plerou, P. Gopikrishnan & H.E. Stanley, Europhys. Lett. 59 (4), pp. 500-506 (2002)

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa 28



OCS

Optimal portfolios with RMT

B. Rosenow et al, Europhys. Lett. 59, 500 (2002)
have shown that the distance between the optimal
predicted return-risk profile and the realized one
1s (often) larger in the Markowitz case than 1n a
case when the correlation coefficient matrix 1s
filtered by using the results of the RMT.

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa
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A (good) result

o Markowitz

Ko}

o RMT

Lecture 1 - 4 November 2011 Scuola Normale Superiore -
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Another filtering procedure:
Hierarchical clustering .,

OCS MER 0.664
By starting from a correlation matrix IBM MER 0617
(which 1s a similarity measure) SLB  OXY 0.592

BAC MER 0.591

AIG | IBM | BAC | AXP | MER | TXN | SLB | MOT | RD oxXY RD OXY O 5 90

AIG 1 0413 | 0518 | 0.543 | 0.529 | 0.341 | 0.271 | 0.231 | 0412 | 0.294 TXN MOT 0582
IBM 1 0471 | 0537 | 0.617 | 0.552 | 0.298 | 0.475 | 0.373 | 0.270 IBM TXN O 552
BAC 1 0.547 | 0.591 | 0.400 | 0.258 | 0.349 | 0.370 | 0.276 AXP BAC 0.547
AXP 1 0.664 | 0422 | 0.347 | 0.351 | 0414 | 0.269 AIG AXP O 543
MER 1 0.533 | 0344 | 0462 | 0.440 | 0.318 AXP IBM 0.537
TXN 1 0.305 | 0.582 | 0.355 | 0.245 SLB RD O 533
SLB 1 0.193 | 0533 | 0.592 MER TXN  0.533
MOT 1 0.258 | 0.166 AIG MER O 5 29
RD 1 0.590 AIG BAC 0518
OXY : IBM  MOT 0475

MOT MER 0462
MER RD 0.440
AXP TXN 0422
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Single linkage

OCS . . . . . .
One may obtain a simplified matrix by using classical
clustering methods such us the single linkage clustering
AIG IBM BAC AXP MER | TXN SLB MOT | RD OXY
AIG 1 0543 | 0543 | 0543 | 0543 | 0543 | 0440 | 0.543 | 0440 | 0.440
IBM 1 0591 | 0617 | 0.617 | 0.552 | 0.440 | 0.552 | 0440 | 0.440
BAC 1 0591 | 0591 | 0552 | 0440 | 0552 | 0.440 | 0440 02 | 1 ' f I f J f J
03 SLCA
AXP 1 0664 | 0552 | 0440 | 0552 | 0440 | 0440 L
0.4 -
MER 1 0552 |1 0440 | 0552 | 0440 | 0.440 ol
TXN 1 0440 | 0.582 | 0.440 | 0440 a 06 _ ,_‘__I_ ]
SLB 1 0440 | 0.590 | 0.592 07 —
MOT 1 0.440 | 0.440 a8/~
RD 1 0.590 oor
OXY 1 I AXP MER IBM BAC TXN MOT AIG SLB OXY RD

<
CSL
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Average linkage

Or, for example, the average linkage clustering
AIG | IBM | BAC | AXP | MER | TXN [ SLB | MOT [ RD [ OXY
AIG |1 0.501 | 0.501 | 0.501 | 0.501 | 0.412 | 0.308 | 0.412 | 0.308 | 0.308
IBM 1 0.536 | 0577 | 0.577 | 0412 | 0.308 | 0.412 | 0.308 | 0.308 o | ‘ ‘ | |
BAC 1 0.536 | 0.536 | 0.412 | 0308 | 0.412 | 0.308 | 0.308 sl | ALCA 1,
AXP 1 0.664 | 0412 | 0.308 | 0412 | 0.308 | 0.308 04 X2
O3
MER 1 0412 | 0308 | 0.412 | 0.308 | 0.308 el A4 d
- asl_l_ a7 ag s

TXN 1 0308 | 0582 | 0308 | 0308 | [ a,

07+
SLB 1 0.308 | 0.562 | 0.591

08—
MOT 1 0.308 | 0.308

09—
RD 1 0.562 ]'

1 2 3 4 S 6 7 8 9 10
0):44 1 AXP MER IBM BAC AIG MOT TXN SLB OXY RD
(:<I
AL
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Hierarchical clustering output in a typical case
OCS

N =100 (NYSE) daily returns 1995 -1998 C*=(py)

0 T

05 = Pq,

[ where

rrrr [ (04 K
iy is the first

_ H H node where

correlation
a
|

elements
i and j merge
together

0 100
elements

Average Linkage Cluster Analysis
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Filtered matrix

OCS

N =300 (NYSE); daily returns 2001-2003

300/ 300 e

250 250 9
200
150 150 b
100 100

50

0 50 100 150 200 250 300 0 50 100 150 200 250 300

C C ) from ALCA Cht ordered
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The complete matrix 1s richer of information

OCS<
100.00 3
basic C
= materials iy Al
0.0 technology £ When one uses
—14  the stock order
a . ~ ¢ of the hierarchical
60.001 ﬁnan01al OQQOQ 1.2 tree the
oo " correlation matrix
" 1.0
assumes a better
40.00, &&0 - 0.9( 1;
oil utilities . readability

30.00 000’ - '

<><><><><>O 0.7¢
20.00 <><><><><> I 0.6(

5
10.001 OC;@ i
&
@@

\ \ \ \ \ \ \ \ \
10.00 20.00 30.00 40.00 50.00 60.00 70.00 80.00 90.00 100.00
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average linkage

a
\ o
[Re)

1 1 1 l 1
805 0.1 . 0.15 0.2
risk

150 most capitalized stocks T=500

Filtering by cluster analysis: Portfolio optimization

single linkage

L | L | L
00 0.1 . 0.15 0.2
risk

1989-1992

V. Tola, F. Lillo, M. Gallegati, R.N.M., Cluster analysis for portfolio optimization,
Journal of Economic Dynamics & Control, 32, 235-258 (2008)

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa 37



The shrinkage procedure
OCS

Cla)=aT+(1-a)S

S = sample correlation matrix
T = target matrix

(typically very stable to statistical fluctuations)

T could be the identity matrix, the constant correlation matrix, etc.

a 1s determined by expectation/optimization procedures

O. Ledoit, M. Wolf, J. Mult. Analysis 88, 365 (2004).
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Some values of o optimal

Target A: “diagonal, unit variance”
0 estimated parameters

t 1 ifi=j
Yoo ifi# g

A{* — Zi:‘j \'(-'T“.(S[j)'f‘z,' \‘Z\‘l’(.\',‘[)
1* =

Zi:‘ i .\".21.+Z‘-(s,'[— 1 )2

Target B: “diagonal, common variance”

| estimated parameter: v

v=avg(s;) ifi=j
0 ifi # j
;l* — iz WT(;".‘,,‘HZ,- Var(s;;)

Z""‘.i 4"‘7]-'*'2[(4\',','—\')2

f,‘j =

Target C: “common (co)variance”
2 estimated parameters: v, ¢

v=avg(s;) ifi=j
[ =
c=avg(s;;) ifi#j
A _ Zirj\!-T“.(<"1'j)+Zi \-Hr(s,-‘-)
T Y GsijmoP+ Dilsi—v)?

Target D: “diagonal, unequal variance”
p estimated parameters: s;;

p Sii ifi = _]

Tolo ifi# g

;l* — Z[.—',‘\Hr(‘i,i)
Z[.—'js,-ll-

Target E: “perfect positive correlation™
p estimated parameters: s

Sii lfI=]
sis; ifi#]j

i0Jj

1 Sjii S~
fij = {5 Cov(sii, sij) + /%Cov(sjj, sii)}

"{* _ Ziv‘jﬁr(sii)_ﬁi
AN =
Dz j(Sij— \Sas i)’

Target F: “constant correlation™
p + 1 estimated parameters: s;;, 7

g = Sii ifi = _]
" r SiSjj if i # _]

;l* _ Zi#j \Till'(-\'fj)—l_',/}','
Tz j(8ij—F 508 17)?

J. Schafer, K. Strimmer,
Stat. Appl. Gen. Mol.
Biol. 4, 32 (2005).).

Table 2: Six commonly used shrinkage targets for the covariance matrix and associated
estimators of the optimal shrinkage intensity — see main text for discussion. Abbreviations:
v, average of sample variances; c, average of sample covariances; 7, average of sample
correlations.
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Short Selllng o—e Markowitz
o—o S|

0.2 o—e RMT-0

No Short Selling

° Comparison of several methods (realized risk)
N=90 Stocks (US equity markets, blue chips)

e—e RMT-M 0.2
UPGMA
WPGMA
Hausdorff

o—e Shr. SI

0.18

o—o Shr. Const Corr.

S
—
(@)

©
—_
o

Realized risk
=

Realized risk

0.12

Shr. Comm Cov 0.18-

e

—

(o)
I

o—e Markovitz

o—o S|

o—o RMT-0

e—e RMT-M
UPGMA
WPGMA
Hausdorff

o—= Shrink SI

Shrink Comm Cov
—= Shrink Const Corr

portfolio horizon (month)

3 6 9

portfolio horizon (month)

@ Markowitz @ Single Index O RMT-0 @ RMT-M O UPGMA © WPGMA

O Hausdorff @ Shr. Sin. Ind. O Shr. Comm. Cov.

© Shr. Comm. Corr.

E. Pantaleo, M. Tumminello, F. Lillo, RNM, When do improved covariance matrix estimators enhance portfolio
optimization? An empirical comparative study of nine estimators, Quantitative Finance 11, 1067-1080 (2011)
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Correlation based networks

OCS

(Lj,py) —>

wzj:pij

jo
I 3 090
(1 0.3 090 0.81 1 4 081
o 0.13 1 057 034 N . 3 4 0.71
090 057 1 0.71 2 3 057
\0.81 0.34 0.71 1 2 4 034
I 2 0.13

Correlation Matrix (C)
Sorted List of Links ()
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Minimum Spanning Tree

OCS

I Define a similarity measure between the elements of the system

I Construct the list S by ordering similarities in decreasing order

Starting from the first
element of S,
add the corresponding link
if and only if
the graph is still a Forest or a Tree

I
Minimum Spannig Tree
MST
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Correlation based tree(s) Forthesingle
linkage clustering

procedure the
correlation based

SLB 0).4 1 BAC AlG

o 5 ? * tree 1S the minimum
spanning tree
@ ® Q!
RD MER AXP
3— -‘-SLCA [[[[[[[
. . . Q0.6
IBM TXN MOT

Correlation based trees and hierarchical trees do
NOT carry the same amount of information.
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Minimum Spanning Tree (MST)

0
ETR
UCM
" TXN HWIHO
MOB CHV ARC oOxy
NS CHM {2} O
'3 OSCET N BHI
' LTD HAL
. cep N=100 (NYSE)
daily returns
1995-1998
T=1011
o o W
X wy CHA BCC

ON
us MTC EK PRD

R. N. Mantegna, EPJ B 11, 193 (1999) G. Bonanno, F. Lillo and R.N.M., Quant. Fin. 1, 96 (2001)
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MST and Planar Maximally Filtered Graph
0CS (PMFGQG)

I Define a similarity measure between the elements of the system I
I Construct the list S by ordering similarities in decreasing order I
Starting from the first Starting from the first
element of S, element of S,
add the corresponding link add the corresponding link
if and only if if and only if
the graph is still a Forest or a Tree the graph is still Planar (g=0)
I I
Minimum Spannig Tree Planar Maximally
MST Filtered Graph
PMFG

M. Tumminello, T. Di Matteo, T. Aste and R.N.M., PNAS USA 102, 10421 (2005)
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OCS

USB ONE
BAC
BMY
DIS

Planar Maximally Filtered Graph

FLR _—
JPM F — MG
COL S
GM UTX KM
WEFC ‘ WY \
TAN MER VO
WAY
BC 2 Ps |\ TOY 3 DAL —
TEK BA“ROK - ,HI)}:
XRX AXP MKG GD —
CEN
' AN N=100 (NYSE)
) \ ORCL TXN L —
KO AIT ~ INZ W (l// csc TG CSCO
BEL\X RA IBM “rop HRS o d 1
P — SUNW ] t
XON, GTEY ~ AGC) c1 al y re urns
MRK
AVE "\ PEP RC 1995 1998
PNU |\ \PC \ )
CD
o | T=1011
MCD SLE
M
JNJ

M. Tumminello, T. Di Matteo, T. Aste and R.N.M., PNAS USA 102, 10421 (2005)
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Cliques in the PMFG

OCS

When g=0, topological constraints allow the observation of
cliques of 3 and 4 vertices only.

MOB
BAC

JPM MER

CHV ARC
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J.-P. Onnela et al.: Clustering and information in correlation based financial networks 355

* * PCG
0CS : .

EX g EXC *
*  pre S EX X *  pre L
P;A *NMK SO PHA *NMK EY
INJ JCP REI REI
*
u *
BMY
PEG G
A o > *
S
VRK  g'q oTOY
*
¥ PGL PGL
NP *V Per op @ LPx *V . . o
ISAEWMT, WMB D %EW% WMB
LN ug a%".a’%o * WY g@Bcc LN N\ LS * BCC
g Vo EVR
T (A
onN

DE
e Acw MM gy ®

N
* @op @ pow zm) @ pow M
cw PaY A yar W csx ®om @r0 VAT W csx PD
" " E mre T voe 2w 0 e
Y ® RO, ‘g o -eg:c Veu YU D - B.Tc Ven NP
A
AAHWT;(N AHw N
Y csC ) osc
v MER
T wko HET AMO‘I’ ? MoT
A A
i F XR&SH
kil " *
o A
oM MR.H| .FN?JJTX
" A%-A a, A & Seee AA * AclaE.KR
AL D YUVAECBDK HON uv BCBDK  HON
sl - } AR
Yox A cBA Yox RoK BA
Fig. 1. Sample graph of N = 116 vertices and n = 20 edges, Fig. 3. Sample graph for n = 80 edges (p ~ 0.012).

corresponding to a connection probability p = n/[N(N —
1)/2] ~ 0.003.

PCG

"

Other correlation based networks have been obtained by selecting
a thresholds on the similarity measure.

J.-P. Onnela, K. Kaski, and J. Kertész, Eur. Phys. J. B 38, 353-362 (2004)
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Network analysis of a single index model.:
Topology of MSTs

OCS

Topology'of MSTs in

» empirical data;
* 1n a one-factor model

"Bonanno, Caldarelli, Lillo and Mantegna, PRE 68, 046130 (2003).
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Empirical data

OCS

1071 stocks continuously
traded at the NYSE
during the period
1987-1998 (3030 trading
days)

The color code refers to

the SIC index:

* finance manufacturing
construction  utilities
wholesale trade ® mining

* retail trade © services

* public administration
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Empirical data: degree distribution

It 15 approximately
| power-law decaying
1 for low k values but
1 afew nodes with

. | very high degree
10'F =  are present.

107 5
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° Comparison with the one-factor model

OCS

We compare our empirical results with numerical simulations
based on the one-factor model

R(1) =, + By, Ry (2) + £,(2)]

where o, and [3,,, are two real parameters, €, 1S a zero-mean noise
term characterized by a variance equal to 6,2

R, (1) 1s the market factor. We choose 1t as the SP 500 index.

In our mvestigation, we estimate the model parameters
and generate an artificial market.
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OCS Correlation 1n the one-factor model
7 - I

; = Single Index Modcl_
6 ;_ - Real data I
The one-factor 3 3 _
model explains
more than = 9 :
8 5 % Of the - 3 E_ _E
elements of 2_ _
correlation
matrix I - £

9):.2 O.I6 ():.8
Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa 53



MST of a one-factor model

OCS

One-factor model Real data
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Topological properties of the one-factor model

OCS
10% T T F R £ 7 | T T LI B I T T T Illllg
2 _ -+ 95% confidence interval _
10 =8 one-factor model
B ®-® cmpirical data .
10'E e
Degree s ]
distribution 10°E i
10-l 3 E
10-2 ] | : I L1 i |—
10" 10’ 107 10°
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OCS

How to assess the stability of the information
filtered out by the hierarchical network
and correlation based network?
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56



OCS

A validation based on bootstrap

Data Set
¢ €, €3 €y
t, 0.113 | 1.123 | -0.002 | 0.198
t, 1.567 | 0.789 | 0.842 | -0.234
t; 1.065 | -1.962 | 0.567 1.785
t, 1.112 | 0.998 | -0.424 2.735
ts -0.211 ] 0312 | -0217 | 0.587
T 0479 | -1.828 | -2.041 | -0.193

Pseudo-replicate Data Set

M surrogated data matrices are constructed, e.g. M=1000.

Lecture 1 - 4 November 2011

Scuola Normale Superiore - Pisa

€ ) €3 Ch
1.567 | 0.789 | 0.842 | -0.234
0.113 | 1.123 | -0.002 | 0.198
1.065 | -1.962 | 0.567 1.785
0.113 | 1.123 | -0.002 | 0.198
0479 | -1.828 | -2.041 | -0.193
0479 | -1.828 | -2.041 | -0.193
57



Bootstrap value of nodes of hierarchical trees

OCS

0.4

Bootstrap value density ALCA
w i
el A

0.3 0.5 0.7 0.8 1 0 100
[ [ -
bOOtStl‘ap Value bootstrap value 0.3 0.5 0.7 0.8 1

M. Tumminello, C. Coronnello, S. Micciche, F. Lillo and R.N.M., Int. J. Bifurcation Chaos
17, 2319-2329 (2007).
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Statistical reliability of the minimum
spanning tree

N =300 (NYSE)
daily returns
2001-2003

T =748

M. Tumminello, C. Coronnello, S. Micciche, F. Lillo and R.N.M., Int. J. Bifurcation Chaos
17, 2319-2329 (2007).
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OCS

SECTORS:

]

Basic Materials
(2]

Cons. Cyclical
O

Cons. Non Cyclical
L

Energy

(&)

Services

e
Financial

(@]

Healthcare

[ ]

Technology
e

Utilities

L ,
Transportation
]
Conglomerates

C‘
Capital Goods

Lecture 1 - 4 November 2011

Statistical reliability of the planar
maximally filtered graph

NYSE
N =100
daily
returns
2002

T =256

BOOTSTRAP VALUE:

0 01 02 0.3 04 0.5

Scuola Normale Superiore - Pisa 60



05 Which are the determinants of the bootstrap

value of a link?
- The value of the correlation between the
two elements;

- The topology of the correlation based network.

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa
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OCS

anjea densjooq

For Gaussian series:

62

Scuola Normale Superiore - Pisa

Lecture 1 - 4 November 2011



OCS

Information and stability of a filtering procedure.
How to quantity 1t?

The Kullback-Leibler divergence
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Kullback-Leibler distance

OCS

We propose to use the Kullback-Leibler divergence to quantify the
performance of different filtering procedures of the correlation matrix

K(p,q) = E, [108 (g)] . where p and q are pdf’s.

For multivariate normally distributed random variables we obtain:

1 5,
K(P(S1,X),P(82, X)) = ; [log( zf:) +tr (,18) —n| = K(T;,5,)

Minimizing the Kullback-Leibler distance 1s equivalent to
maximizing the likelihood in the maximum likelihood factor analysis.

M. Tumminello, F. Lillo and R.N.M., Phys. Rev. E 76, 031123 (2007)
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Expectation values

e T 1 n\n
E[K(E,81)] = % {" log (%) _p> [%}/22))] " T(_:_l)l}

p=T"—n+1

- 1 T = 1”‘,(P/Q)
E[K(5,%)] = 2 {nlog <§) —p='lz—;l+l [ T(p/2) ] }
E[K(S51,852)] = %;(_n:—l)l

where 2 1s the model correlation matrix of the system while S, and S,
are two sample correlation matrices obtained from two independent
realizations each of length 7.

The three expectation values are independent from X,
i.e they do not depend from the underlying model !
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Kullback vs Frobenius

OCS

*The expectation values of Frobenius distance are model
dependent, e.g. for a system of n=2 Gaussian random
variables with correlation coefficient Q it is

2

B[ F(25)]- E[\/tr[(z _S)(z- s)T]] - (-0

where X 1s the model correlation matrix of the system while

S 1s a sample correlation matrix obtained from a realization
of length 7.
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Kullback-Leibler divergence for
non Gaussian random variables

OCS

The Kullback-Leibler divergence can also be analytically calculated
random variables following a multivariate Student’s t-distribution:

T ("5#) 1
Py (x, pu) = : - o
L (%) V{um)" 2 1+ gz ®

If ad << 1 then:
n

K(Z1,%,) = {mg (:;I) +nlog (tr (2;121)”

G. Biroli, J.-P. Bouchaud, M. Potters, Acta Phys. Pol. B 38, 4009 (2007)
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Gaussian vs Student’s t-distribution

OCS

i, (= _
Ks(2,.2,) = 5 log(%) + tr(221 Zl) - n
|

-

u(z;'s)|

n

log(%) + nlog

[

Ks (21 322) =

2

If3 =3, = K;2.2,) =K((Z,.2,)
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OCS

The Kullback-Leibler divergence 1n the
analysis of models and empirical data

Lecture 1 - 4 November 2011 Scuola Normale Superiore - Pisa
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Comparison of filtering procedures

S, and S, are sample
correlation matrices
estimated from inde-
pendent realizations or
bootstrap-replicas of
the system.

Uske)Y

(L'u)}

F, and F, are matrices
filtered from S, and S,
respectively.

X 1s the true
correlation matrix of
the system.
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OCS

Accuracy of filtering procedures (Models)

TABLE 1. Average value of the Kullback-Leibler distance between the correlation matrix of the model
and the correlation matrix filtered from the sample. For each case, average and standard deviations are

obtained from 1000 realizations or bootstrap replicas of the system (n=100, T=748).

Models (K(Z,CMY) (K(Z,C]4) (K(Z,CH) (K(Z,C))
Block diagonal 0.15+0.01 0.57+0.04 0.84+0.03 1.50+0.05
HNFM 0.22+0.02 0.33+0.05 1.99+0.07 2.15+0.08
Block diagonal (n.d.) 3.56+0.02 4.36+0.07 3.74+0.06 4.34+0.09
HNFM (n.d.) 3.38+0.02 3.85+0.08 4.54+0.08 5.0+0.1
TABLE II. The same as in Table I but with 7=7480.

Models (K(X,CM%) (K(X,CHY) (K(x.CH) (K(X,C))
Block diagonal 0.015=0.001 0.105=0.006 0.162+0.006 0.70=0.01
HNFM 0.02320.002 0.0320.005 0.986+0.007 1.4420.07
Block diagonal (n.d.) 3.4180.004 3.94:0.02 2.95+0.02 3.4120.02
HNFM (n.d.) 3.1740.008 3.5220.02 2.54+0.04 4.66=0.09

M. Tumminello, F. Lillo and R.N.M., Phys. Rev. E 76, 031123 (2007)
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e Comparison of filtered correlation matrices
OCS

increasing stability

20] 1 T T T I T T T T l T T T T I T I
» Corub § Block diagonal model
A = .« Co(W) = with 12 factors.
~ 2
= 5" N=
< o N=100,
&) EL T=748.
.e + g’
g = Gaussian random
~ é. Variables.
Vv )
:’ =
Vo > 6 8

4
<K(Cp, ().Cpy ) >
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° Comparison of filtered correlation matrices
OCS

increasing stability

IIIIII1IIIIIIIIII]lT1TIIIIIIIIII]TTII

8 -
! % o C =
= .
CALCA | & Block diagonal model
n - ] n
AT s SLCA| 7 | & with 12 factors.
_ o C 1 .
Z B =
e % o Cg |1 |% N=100,
O 4= C I | B T=748.
= I TRUE| 1+ ©
S 5:_ E é Gaussian random
il =. Variables.
v | o
4l 1 3
B
’%_l L 1 1 1 I Ll 1 1 l Ll L 1 l 1 1 Ll l Ll 1 1 l | I l 1 1 L1 l L1l 1 l—
-0 0.5 I 2 2.5 3 3.5 4

1.5
<K(C (D,Cgy 1) >
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° Comparison of filtered correlation matrices
(real data)

increasing stability

N

7 —
; )
:
ARt = N =100 (NYSE)
5 % daily returns
~ 10 =3
= |2 2001-2003
< = _
Z S T=748
v s

5
<K(Cry().Cy ) >
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° Comparison of filtered correlation matrices
v (real data, Student’s t assumption)

increasing stability

I I I | I I I I [
| 1 B
: SHR( A 2 N =100 (NYSE)
A fC (o) &
5 — SHR - e 1
1 5EL & s ) 2 daily returns
O 1 "y o CALCA =3 2001-2003
O 101 4 ~SLCA 1+8
M| =& C 3 T =748
V ; A o CRMT g.
=1 o Y ~ g
O:—I I I | | II—*—II I I | [ —

0'1'2'3'4'f5‘6f'7'8'9‘10
1lt 1t
<K(C, ,cj1)>

M. Tumminello, F. Lillo, R.N. Mantegna, ACTA PHYSICA POLONICA B 38, 4079-4088 (2007)
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The Hierarchically Nested Factor Model

OCS . :
A factor 1s associated to each node

o —
(ay;) 2 2
X (D= Dy, f)+ \/1 - S e0)| | = re—
L4
@, €Gi) /[ L ONA i S P—
/ | | / ! o, ':‘_?(
o,-th factor |diosyncratic term O3 5
0'~9E190
}/ah =\/’Oah _pg(ah);yal - Vpa1 1
G(i) = Pedigree of element i,
The model explains C< = (pj) e.g. GO) ={a,,a;,a,}
2 < / g(a,) = Parent of node «,,
<xi xj> - E)’O‘h - pak - ’Oij e.g.g(a;) =a,
a, €G(HNG())

2 2
e'g' <'X’.1.x4>=))/oc2 +)/a1 =pa2 _pal +pa1 =pa2
M. Tumminello, F. Lillo, R.N. Mantegna, Hierarchically nested factor model from multivariate data,

EPL 78 (3), Art. No. 30006 (2007).
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° A sitmple hierarchically nested factor model
OCS

x,(0) =1, SO +7, FOD) + 1= 7, = 7, &(t) fori=n,
x.()=y, fOD)+7y, fP1)+ \/1 —v, =7, &(t) forn <isN

2 2
Pr=Ye TV
2 2
Pr=Yo TV
2
Py =70
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Spectral Analysis

0OCS W

2 large eigenvalues S il

.1
A= 5[2 tq, = (q_z +4nn, pM2)1/2] ol

2 di ]
corresponding Z:t _ (uj: - :]:)

eigenvectors

where u* = 1/\/2n1[1+ y:Fya/l+y° ], y* = il/\/2n2[1+ y2 = ya/l+ yz]
2
g.=n -Dp, £(n,-p, and y=q_/(4n,n,p, )1/2
PCA is not able to reconstruct the true model

and/or to give insights about its hierarchical features
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OCS

The hierarchically nested factor model allows to simulate the system. We use
hierarchical clustering to investigate the simulations so that we can estimate
the ability of hierarchical clustering to detect a hierarchically nested system.

A problem of the hierarchical clustering method: by hierarchical
clustering we always detects a n-1 factor hierarchically nested
factor model

A solution: Evaluation of node statistical uncertainty and node
reduction

Hierarchical tree of the model Hierarchical tree reconstruction

0 , 0 . ,
-3 nodes (factors) | o 99 nodes (factors) .
D2 02
03 H 03— H
04 H -:).4_— |

Q (R

0.5 _— 0.5 ? ‘ AT F_TT":H
L6 — H .6 ﬁ r rr
0.7_— L 0.7 —_
0.8 M 0.8
| O]

100 70 100
elements elements
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Self-consistent node-factor reduction

OCS
 Select a bootstrap value threshold b; .

* For each node &, :

0

If b(ar,)<b, ~ then merge the.

node o, with his first ancestor .

05

a, (in the path to the

0.7

root) such that b(a )=z=b, .

0.9
]

100
elements

o ?
How to chose bt . Hierarchically nested factor model

In a Self-Consistent Wayl correctly detects the model when
' b>0.70
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° Node reduction for an empirical system
OCS

Daily return of 100 stocks traded at NYSE 1in the time period

1/1995-12/1998 (T=1011)

<

o

w
!

(Sn+Sp)/2

! | ) ] ) | 1 | 1
0 20 40 60 80
bootstrap value threshold

Sn = sensitivity; Sp = specificity

TP I'N
S

S, = -
TP + FN P TN+ FP
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Interpretation of factors

OCS

Hierarchically nested factor model associated with the reduced
dendrogram of 23 nodes. Here we made explicit the equations
valid for stocks belonging to the Technology and Financial
sectors.

Financial Factor

0 =l + 3 )1 O+ 2k )
h=1 h=1

I?(’) — ra + Z [y /{(” J \ ‘I' o (A'(%') Ll A,'(%;‘,) 6]([)
*A h=1

Technology Factor
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Financial Factor

/2' 2
OCS ‘ . _ . .
(0 =17 + 3 f0) + 1~ O+ Do) e
h=1 h=1

2 2
J?(’) - ’)'a' + Z Yoy, f(ah)(t) + \ 1 — (’)(Zv, + Z’}gh) €;(t).
\K h=1

0 = Technology Factor
it
02} '
0.3} . Financial companies:

o 041 | [, X BAC, JPM, MER, AGC,
osk | || - AOG, AXP, ONE, WFC,
o.sF | (il il X USB
0.7t -

0.8 Iffff !
og —D =l = === = .
E1E2 F H S1 BM 15 S2 U
stocks

Y IV1dICIl LU 1V DCUOLd INOIMAIE SUpPCriore - Pisa 83



OCS

- Correlation based networks are informative about complex systems;

- Bootstrap can be used to statistically validate hierarchical trees
and correlation based networks;

- The stability and amount of information of a filtering procedure

of a correlation matrix can be quantified by using the
Kullback-Leibler distance.
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OCS

Observatory of Complex Systems

http://ocs.unipa.it
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Michelangelo Merisi
da Caravaggio
Head of Medusa (1598)

Uffizi gallery

"The only hero able to cut off Medusa's
head 1s Perseus, who flies with winged
sandals. ..... . To cut off Medusa's head
without being turned to stone, Perseus
supports himself on the very lightest of
things, the winds and the clouds, and

| fixes his gaze upon what can be revealed

only by indirect vision, an image caught

~1n a mirror. I am immediately tempted to

see this myth as an allegory on the poet's
relationship to the world, a lesson in the
method to follow when writing."

Italo Calvino, Six Memos for the Next

MillenniumVintage Books,
Random House, New York 1988

OCS website: hT1p://ocs.unipa.it
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