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“Emerging from the fields of Complexity, Chaos, Cybernetics,
Cellular Automata and Computer Science, the Agent-Based 
Modeling (ABM) simulation paradigm began popularity in the
1990s and represent a departure from the more classical 
simulation approaches such as the discrete-event simulation 
paradigm. ..... This means the ABM paradigm can represent 
large systems consisting of many subsystem interactions. These
systems are typically characterized as being unpredictable, 
decentralized and nearly decomposable” 
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Some examples 
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B. Heath, R. Hill and F. Ciarallo, A survey of Agent-Based Modeling Practices 
(January 1998 to July 2008), Journal of Artificial Societies and Social Simulation (2009). 
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Different fields investigated by agent based models (1998-2008)
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A classification of the simulation purpose
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Agent based models in finance 
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Kim – Markowitz model and the crash of 1987
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Two types of investors: 
•  Rebalancers
•  Portfolio insurers

Two assets, stocks and cash (interest rate = 0)

The wealth of each agent at time t is
wt = qt pt + ct

qt is the volume of stock
pt is the price of the stock
ct is the cash available
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Rebalancers

Rebalancers are defined by the following target:

qt pt = ct = 0.5 wt

Rebalancing strategy has a stabilizing effect on the
market: increasing prices induce rebalancers to raise
their supply or reduce their demand
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Portfolio insurers

The target of portfolio insurers is :

qt pt = k st = k (wt – f)

where st is the “cushion” and k is chosen greater than 1.
The floor f is constant over the duration of the insurance plan.

Portfolio insurers follow a strategy intended to guarantee
a minimal level of wealth (the so-called “floor” f)

A classical strategy is the constant proportion portfolio
insurance (CPPI) proposed by Black and Jones♩ 

♩ Black F and Jones RC, Simplifying portfolio insurance J. Portfolio Manag. 14 48–51 (1987)
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Portfolio insurers

In the case of price increase investors increase their
demand.

In the case of price decrease stock position of the investor
is reduced and therefore demand is reduced.
For falling prices the fraction of risky asset in the 
investor’s portfolio goes to zero.
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Kim - Markowitz model 
Stock price and trading volume evolve endogenously according 
to supply and demand. Trading is discrete in time. Each investor 
reviews her/his portfolio at random interval. Each investor 
performs an individual forecast according to the current supply
and demand situation. 

If only asks exist the price is 101% of 
the highest ask.

If only bids exist the price is 99% of 
the lowest bid.

If both bids and asks exist the price is the 
average of the highest ask and the lowest bid.

If no bids or asks exist the 
price is the previous price.



OCS

17Lecture 3 - 6 October 2011 Scuola Normale Superiore - Pisa

In the case the estimated ratio between stocks and
assets (for rebalancers) or between stocks and cushion
(for portfolio insurers) is higher than the target ratio, the
investor will place a sale order with 

Conversely, he/she will place a buy order 

€ 

pbid ,t
i = 0.99pest,t

i

€ 

pask,t
i =1.01pest,t

i
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Kim – Markowitz simulations♩ 

♩E.Samanidou, E. Zschischang, D.Stauffer, T.Lux, Agent-based models of financial markets,
Rep. Prog. Phys. 70 409-450 (2007)

Price Volume

150 agents (number of CPPI agents variable)
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Kim – Markowitz simulations♩ 

♩E.Samanidou, E. Zschischang, D.Stauffer, T.Lux, Agent-based models of financial markets,
Rep. Prog. Phys. 70 409-450 (2007)

Volatility Percent of bankrupt investors

The basic result of this agent based model is the demonstration
of the destabilizing potential of portfolio insurance strategies.
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Levy – Levy – Solomon (1994)
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The model contains an ensemble of interacting investors 
which are using a utility maximization scheme.

At each period of time each investor i needs to divide up his
entire wealth W(i) into stock shares and bonds.  

X(i) is the fraction of wealth invested in stocks

€ 

Wt+1 = X i( )Wt i( ) + 1− X i( )( )Wt i( )
wealth in
stocks

wealth in
bonds

with 0.01 < X(i) < 0.99

The number of investors n and the supply of shares NA are fixed

M. Levy, H. Levy, and S. Solomon. A microscopic model of the stock market: Cycles, booms, 
and crashes. Economics Letters, 45:103–111, 1994.
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At the beginning investors possess the same wealth and the
same fraction of stocks. They also possess the same utility
function. 

Bonds are assumed to be riskless.

Stock return is defined as

€ 

Rt =
pt − pt−1 + Dt

pt−1

where pt is the price of the stock and Dt is the dividend.

The utility function is a logarithmic utility function

€ 

U W( ) = ln W( )

This implies constant relative risk aversion. The optimal
proportion of wealth invested in stocks will therefore be
independent of the wealth.
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Investors form their expectations of future returns on the basis
of past observations. 

The used records are the past k stock returns. 

All investors with the same memory k form an investor
group G.



OCS

24Lecture 3 - 6 October 2011 Scuola Normale Superiore - Pisa

For the investor group with k memory

€ 

EU =
1
k

ln 1− XG i( )( )Wt i( ) 1+ r( ) + XG i( )Wt i( ) 1+ R j( )[ ]
j= t

t−k+1

∑
 

 
 
 

 

 
 
 

€ 

f XG i( )( ) =
∂EU XG i( )( )
∂XG i( )

=
1

XG i( ) +
1+ r
R j − r

j= t

t−k+1

∑

In this way XG(i) is obtained. To model idiosyncratic factors
a normally distributed random variable εi is added to XG(i) 

From the aggregation of the total demand compared with the 
constant supply a new “equilibrium” price is determined.

This allows to compute the new return which is therefore
used for the new estimation of the next price value. 
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The model shows cyclic alternation of bubbles and crashes
and also “chaotic phases”.
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The success of different groups of investors evolves in time
and depends on the initial conditions. The time evolution
is therefore non-ergodic. 
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Stylized facts are investigated

In the “chaotic” regime
the return pdf is Gaussian

Price return is uncorrelated and
volatility cluster absent.
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The Santa Fe Artificial stock market 
(1997)

Arthur, W.B., Holland, J., LeBaron, B., Palmer, R., Tayler, P., 1997. Asset pricing under endogenous
expectations in an artificial stock market. In: Arthur, W.B., Durlauf, S., Lane, D. (Eds.), The
Economy as an Evolving Complex System II. Addison-Wesley, Reading, MA, pp. 15-44.

B. LeBaron, W. B. Arthur, and R. Palmer. The time series properties of an artificial stock market. 
Journal of Economic Dynamics and Control, 23:1487–1516, 1999.
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There are two assets traded. A risk free bond paying a constant 
interest rate rf (0.10) and a second risky stock paying a stochastic 
dividend following an autoregressive process  

€ 

dt = do + ρ dt−1 − do( ) + µt

with do=10, ρ=0.95 and μt ̃ N(0,σ2
μ) 

The agents (N=25) are assumed to be myopic of period 1 
and characterized by constant absolute risk aversion (CARA).
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E^
t is meaning the best forecast of agent i at time t

€ 

Et
^ −exp −γWt+1

i( )( )

€ 

Wt+1
i = xt

i pt+1 + dt+1( ) + 1+ rf( ) Wt
i − pt xt

i( )with

where xi
t is the share demand which under Gaussian assumption

for price and dividends is 

€ 

xt
i =
Et
^i pt+1 + dt+1( ) − 1+ rf( )pt

γσ p+d ,i
^2

σ^2
p+d,i is the forecast of conditional variance of p+d
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Agents are homogeneous with respect to the risk aversion
characterization.

It is therefore possible to obtain a homogeneous linear
rational expectations equilibrium. Specifically, by assuming

€ 

pt = fdt + e
and imposing each agent to optimally hold one share at all
times one obtains

€ 

f =
ρ

1+ rf − ρ

€ 

e =
do f +1( ) 1− ρ( ) −σ p+d

2

rf
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The homogeneous rational expectations equilibrium is

€ 

E pt+1 + dt+1( ) = ρ pt + dt( ) + 1− ρ( ) 1+ f( )do + e( )

Each agent is forecasting according to the linear equation

€ 

E ^ pt+1 + dt+1( ) = a pt + dt( ) + b

with a and b parameters characterizing each agent

Heterogeneity in the agent based model
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By summarizing the model parameters are

o

o
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Achieving the best forecast

Each agent has a 100 entry table to perform forecasts
and uses it to estimate her/his best parameters a and b. 

There is no role for imitative behavior but there is a 
learning process to select the best accessible forecasting. 

Agents build forecasts using “condition-forecast” rules
a modification of Holland’s “condition-action” classifier 
system.
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For agent i the demand for the risky asset is

€ 

xt
i pt( ) =

Et
^ pt+1 + dt+1( ) − 1+ rf( )pt

γσ p+d
^2

By balancing the supply (which is fix) and demand

€ 

xt
i pt( )

i=1

N

∑

The next price value pt+1 is obtained in simulations

The model shows some of the stylized facts (absence
of correlation, deviation from equilibrium price,
correlation of volumes, ....) but it is crucially sensitive to
model parameters.
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Lux – Marchesi (1999)
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The economic background of the Lux-Marchesi model

American Economic Review 80, 
181-185 (1990)

E. Zeeman, On the unstable behavior of stock exchange, J. of Math. Econ. 1, 39-49 (1974) 

A. Beja and M. Goldman, On the dynamic behavior of prices in disequilibrium, J. of Finance
34, 235-247 (1980).
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The model is capable of generating “bubbles” and volatility
clustering. 

The model has several variables and parameters.

N is the total number of agents;
nc is the number of noise traders;
nf is the number of fundamentalists;
n+ is the number of optimistic noise traders;
n- is the number of pessimistic noise traders;
p is the market price of the asset;
pf is the fundamental price of the asset.

N =nc + nf

nc= n+ + n-

T. Lux and M. Marchesi. Scaling and criticality in a stochastic multi-agent model of a financial market. 
Nature, 397:498–500, 1999.
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Dynamical exchange of investors’ strategies and mood

Noise traders switch from pessimistic to optimistic and
vice versa

The probability of these switches are π+- Δt and π-+ Δt  

πab is the probability to switch from state a to b

€ 

π +− = v1
nc
N
exp U1( )

€ 

π−+ = v1
nc
N
exp −U1( )

€ 

U1 =α1x +
α2

v1
dp
dt
1
p

€ 

x = (n+ − n−) /nc

v1, α1, α2 are parameters controlling the frequency of
changing opinion. 
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Switches between the group of noise traders and the
group of fundamentalists.

€ 

π + f = v2
n+

N
exp U2,1( )

€ 

π f + = v2
n f

N
exp −U2,1( )

€ 

π− f = v2
n−
N
exp U2,2( )

€ 

π f − = v2
n f

N
exp −U2,2( )

U2,1 and U2,2 depend on the difference between profit
earned by investors using chartist and fundamentalist
strategy.

€ 

U2,1 =α3

r +
1
v2
dp
dt

p
− R − s ⋅ pt − p

p

 

 
  

 
 
 

 

 
  

 
 
 

€ 

U2,2 =α3 R −
r +

1
v2
dp
dt

p
− s ⋅ pt − p

p

 

 
  

 
 
 

 

 
  

 
 
 

s<1, r is a nominal dividend and R is the average real return 
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Price changes are modeled as endogenous responses 
to the excess demand.

The excess demand of chartists is
    EDc=(n+ - n-) tc
where tc is the average trading volume per transaction.
The excess demand of fundamentalists is
    EDf=nf γ (pf – p)/p
where γ is a trading parameter.

The price formation is therefore governed by

Log-changes of pf are assumed to be Gaussian variables.

€ 

1
p
dp
dt

= β EDc + ED f( )
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- Lux T, Marchesi M, Scaling and criticality in a  
- stochastic multi-agent model of a financial  
- market, Nature 397, 498-500 (1999)  

The model shows leptokurtosis of returns, volatility 
clustering and power law behavior of volatility scaling. 
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Excess demand linearly depends on the number of agents.
This is not realistic but in spite of that the statistical profile 
of price return becomes Gaussian and the volatility 
clustering disappears.

V. Alfi, L. Pietronero, and A. Zaccaria, Minimal Agent Based Model for the Origin and 
Self-Organization of Stylized Facts in Financial Markets, arXiv:0807.1888v1 (2008).
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Order book stylized facts
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Average volume within the order book at a given time

Bouchaud, J. -P., M. Mezard, and M. Potters, Statistical properties of the stock order books: empirical
 results and models, Quantitative Finance, 2002, 2(4), 251–256. 
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The cumulative distribution shows a quite robust 
power-law behavior 

M. Potters, J.P. Bouchaud, More statistical properties of order books and price impact, 
Physica A, 324, 133 (2003). 
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By assuming a completely random (Poissonian) flux
of orders one can study the price formation mechanism
of a double auction market. This approach has
been described as zero-intelligence models.

The Journal of Political Economy 101, 119-137 (1993)
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By calling S the bid-ask spread and by assuming a Poissonian
flow of limit (ρ arrival rate per unit share per unit time), market 
orders (μ arrival rate per unit time) and cancellations (δ arrival 
rate per unit time), Farmer and 
co-workers obtained a relation between the expected spread 
and the order flux parameters 

€ 

E S[ ] =
µ
ρ
F σδ

µ

 

 
 

 

 
 

where σ is the number of share per order present at the order
book and  F(u) is a monotonically increasing function empirically
approximated as 

€ 

F(u) ≈ 0.28 +1.86u3 / 4

Farmer, J. D., P. Patelli, and I. Zovko, The predictive power of zero intelligence in financial 
markets, PNAS, 2005, 102(6),  2254–2259. 

Daniels et al, Quantitative Model of Price Diffusion and Market Friction Based on Trading
as a Mechanistic Random Process, PRL 90, 108102 (2003).
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As a first order approximation empirical results are
described by the previous relation but several important
aspects are not modeled in terms of zero-intelligence approaches. 

€ 

E S[ ] =
µ
ρ
F σδ

µ
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Statistical physics models:�
The El Farol bar model�
and the Minority Game



OCS
El Farol Bar problem†

This problem was originally posed 
as an example of inductive reasoning 
in a scenario of bounded rationality. 

†W.B. Arthur, Am. Econ. Assoc.  
Papers and Proc. 84, 406 (1994) 
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At a given time, N people decide independently 
whether to go to a bar (El Farol) 

Space is limited and the bar is enjoyable if it is 
not too crowded

The agent feel itself satisfied if the attendance 
at the bar is aN with a<1 otherwise he/she is 
unhappy

Lecture 3 - 6 October 2011 52Scuola Normale Superiore - Pisa
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A rational deductive approach induces frustration 

In fact, if all agents were completely rational and sharing  
absolutely the same information they would choose all  
the same action. 

•  If they all go the bar will be crowded and they 
will be unhappy 

•  If they all stay home the bar will be empty and they 
will miss an opportunity 
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By performing numerical simulations W.B. Arthur was 
able to show that by assuming inductive rather than  
deductive reasoning of heterogeneous agents the system 
reached a dynamical equilibrium where the average 
attendance is aN with a fluctuation of the order of  
(1-a)N 
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The ingredients of the El Farol model are 

•  Many (N>>1) interacting agents; 

•  Interaction is through the aggregate bar attendance, i.e. of  
the mean field type. 

•  The system of n agents is frustrated, in the sense that  
there is not a unique winning strategy in the problem 

•  Quenched disorder is present, since agents use different 
predictors to generate expectation about the future 
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Agent based models investigated with 
statistical mechanics tools

A. De Martino and M. Marsili, Statistical mechanics of socio-economic systems with heterogeneous 
agents, J. Phys. A 39, R465-R540 (2006)
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The minority game 

In order to formalize the El Farol model, Challet and Zhang gave 
a precise mathematical definition of the El Farol bar model 
which they called minority game  

In their model: 

N agents take an action ai(t) deciding either to go (ai(t) = 1) 
or to stay at home (ai(t) = -1) 

The agent who take the minority action win, whereas the  
majority looses 

- Challet D, Zhang YC, Emergence of cooperation and organization in an evolutionary game, 
Physica A 246, 407-418 (1997) 
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The minority game 

After the decision, the total action A(t) is computed 

Agents choose their action by inductive reasoning. 
Agents have limited analyzing power and they retain 
information only about the last m steps 
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Number of possible strategies 

Since there are 2m possible inputs for each strategy, 
the total number of possible strategies for a given m 
is  

Quenched disorder 

Since the beginning of the game each agent has a set 
s of strategies randomly selected for the complete set 
of strategies. 
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- From N. Johnson’s et al book on Financial market complexity, OUP
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Time evolution of the attendance 
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A control parameter exists † 

†R. Savit, R. Manuca and R. Riolo, PRL 82, 2203 (1999) 

€ 

α
2m

N
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Exploiting information in the game 

- This slide is from M. Marsili’s presentation 

μ is the history of the past attendance
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There is a non-ergodic phase α < αc and an ergodic phase α > αc 

The variable H acts as an order parameter

€ 

H =
1
2m

A |µ 2

µ=1

2m

∑
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Including the impact of agent’s own action
The score function Δi of strategy i is updated according to 

€ 

Δ i t +1( ) −Δ i t( ) = −ΓA t( ) /N

with Γ > 0 a constant.

By taking into account agent’s own impact the score function
is estimated as

€ 

Δ i t +1( ) −Δ i t( ) = −
Γ
N

A t( ) −ηai t( )[ ]

The term proportional to η describes agent’s contribution
to A(t).
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Phase diagram of the Minority Game in the (α,η) plane.
When η > 0 the transition is second order. When η=0
the transition is discontinuous. 

It is worth noting the absence of a phase transition when η=1.
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Grand-canonical Minority Game and stylized facts 

In  this version of the Minority Game each agent has one
quenched strategy and the possibility to choose whether to
join the market or not.

By setting a different incentive to enter the market the agents
are grouped into producers, who always enter the market, and
speculators, whose trading frequency is a function of the 
expected fitness of the strategy.  

np = Np/N and ns=Ns/N stand as the relative number of 
producers and speculators respectively. 
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In the grand-canonical minority Game one observes
a dynamics of A(t) fluctuations similar to stylized facts 
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N
Kurtosis of A(t) in simulations with ε=0.01, ns=70, np=1
and several values of N and Γ.

The kurtosis is decreasing when N is increasing!!!
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B. Heath, R. Hill and F. Ciarallo, A survey of Agent-Based Modeling Practices 
(January 1998 to July 2008), Journal of Artificial Societies and Social Simulation (2009). 

Some reviews for reference:

♩E.Samanidou, E. Zschischang, D.Stauffer, T.Lux, Agent-based models of financial markets,
Rep. Prog. Phys. 70 409-450 (2007)

A. De Martino and M. Marsili, Statistical mechanics of socio-economic systems with heterogeneous 
agents, J. Phys. A 39, R465-R540 (2006)
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OCS website: http://ocs.unipa.it 
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Thank you!


